We argue that the requirement of a finite entanglement entropy of quantum degrees of freedom across a boundary surface is closely related to the phenomenon of running spectral dimension, universal in approaches to quantum gravity. If quantum geometry hinders diffusion, for instance when its structure at some given scale is discrete or too rough, then the spectral dimension of spacetime vanishes at that scale and the entropy density blows up. A finite entanglement entropy is a key ingredient in deriving Einstein gravity in a semi-classical regime of a quantum-gravitational theory and, thus, our arguments strengthen the role of running dimensionality as an imprint of quantum geometry with potentially observable consequences.
The connection between gravity and entropy, two seemingly disparate aspects of physics, was first unveiled in the seminal proposal by Bekenstein that black holes carry an entropy proportional to their area in Planck-area units [1, 2] . Since then, it has been a widely accepted view that such relationship holds one of the main keys to a deeper understanding of the quantum properties of spacetime. A variety of derivations of the entropy-area law have been proposed from drastically different approaches to quantum gravity (e.g., [3] [4] [5] ) strongly supporting the universality of the relation and corroborating its role as one of the cornerstones of any attempt to solve the quandaries emerging in the interplay between gravity and the quantum.
Recent years have witnessed an inversion of this trend. Rather than deriving the area-entropy relation from quantum gravity, the focus has shifted to understand gravity as a consequence of the quantum entropic properties of spacetime (see [6, 7] and references therein). At the core of these proposals is the assumption that, to any local horizon, one can associate an entropy proportional to its area. A natural candidate for this horizon entropy is the entanglement entropy arising from quantum correlations between degrees of freedom of a quantum field across the horizon. The problem is that, as it is well known, the microscopic structure of any local quantum field theory naturally predicts a divergent entanglement entropy density across a boundary. The main view is that quantization of geometry effectively cuts off the correlations rendering the entropy finite or, more suggestively, that a finite entanglement entropy density implies the existence of Einstein gravity as a semi-classical limit of a quantum theory. From this perspective, it becomes crucial to understand how a finite entanglement entropy can be realized in field theories which incorporate putative quantum-gravity effects via discreteness or new ultraviolet (UV) features beyond the structures of local quantum field theory. Below, we provide a first significative contribution in this direction.
As a starting point, let us give a closer look at the divergent character of the entanglement entropy density. The trace over the field-theoretical degrees of freedom associated with a region of space leads to an entanglement entropy which can be evaluated using appropriate techniques in Euclidean time [8, 9] . The result is proportional to the "area" of the boundary Σ times a divergent term,
where the parameter σ is the square of a fictitious diffusion time and ǫ is a UV cut-off for small times or coarse resolutions. The function P d (σ) is the return probability for a diffusion process on the d-dimensional surface Σ and it is given by the trace of the heat kernel associated with the two-point correlation function of a field theory living on the boundary [10] . The integral ρ d in (1) can be interpreted as the entanglement entropy density whose divergent structure is readily understood: the short-distance behaviour of the correlation function G(x, y) is related to the return
, where C(p) is the Fourier transform of the wave operator of the theory, by
Such limit usually diverges as the inverse power of the Euclidean distance between x and y. This suggests that theories with a UV cut-off (introduced, e.g., through a modified inverse momentum space propagator C(p)) regularizing the short-distance behaviour of the two-point function should lead to a finite entanglement entropy. This naive expectation, however, is not met, since
always divergent in σ = 0 due to the integration over a non-compact momentum space, no matter how regular the UV-behaviour of the propagator. This rules out all field theories with modified dispersion relations (which either break or preserve Lorentz invariance) as candidate models for a finite entanglement entropy density [11] .
This observation suggests that theories with finite P d (0) could realize our hope. A natural place to look for such theories is within models with compact boundary momentum space determined by a non-trivial four-momentum space geometry [12] [13] [14] [15] [16] [17] . Also in this case, however, one concludes that, despite exhibiting a finite return probability in the vanishing diffusion time limit, the associated entanglement entropy density is still divergent [18] . To appreciate this, we must turn to the analysis of the spectral zeta function of the return probability on the d-dimensional boundary and this will naturally lead to consider the notion of spectral dimension. The zeta function is defined as the Mellin transform of the return probability,
In the quantum gravity literature, the spectral dimension d S of spacetime (in particular, of the spatial boundary, which we denote by d b S ) is usually computed as the scaling of the return probability,
In usual D-dimensional flat Minkowski space, the spectral dimension is constant and coincides with the topological dimension D. Over the past decade, evidence has been accumulating suggesting that, as one approaches the Planck scale, the dimensionality of space undergoes a change of value captured by the behaviour of the spectral dimension (e.g., [19] [20] [21] ).
To establish a direct link between a running spectral dimension and entanglement entropy, here we take a less explored view on the former, more familiar to the field of fractal geometry [22] . From (1) and (2) that
we realize that it is impossible to have a finite entanglement entropy density when the spectral dimension d b S of the spatial boundary vanishes at some scale. Thus, a necessary condition for a finite entropy density is that d b S = 0 at all scales. Physically, a plateau d b S = 0 implies a constant return probability in a given range of scales, meaning that a test particle does not diffuse on the boundary; this can happen if the boundary geometry is too irregular or disconnected at those scales.
Therefore, a finite entropy can arise only in geometries sufficiently smooth, non-degenerate, or not pathologically rough (the irregularity of fractals is still acceptable; see below).
Let us illustrate this result with some examples. Field theories on a compact momentum space do not give rise to a finite ρ d . A momentum space with the topology of a four-sphere and radius ∝ κ has a two-sphere boundary momentum space and ζ 2 (s) ∝ κ 3−2s Γ(1 − s)/[Γ(3/2 − s)]. The pole s = 1 corresponds to d b S = 2, the spectral dimension of the boundary in the IR. In the UV d b S ≃ 0, ζ 2 (0) is finite, while ρ 2 can be shown to be ill defined, despite the theory being UV finite [18] . Thus, models with compact momentum space on the boundary exhibit a vanishing spectral dimension for small diffusion times, which leads to a divergent entanglement entropy density.
The finite-ρ d condition we just found is necessary but not sufficient. Indeed, even when the spectral dimension does not vanish at any scale, it may be possible that the entanglement entropy density is divergent, as in ordinary local quantum field theory (constant d S = 0).
It seems that having a running spectral dimension is crucial if we want to get a finite entropy density. It is no wonder, then, that basically all known quantum-gravity models exhibit this feature (see questions 03 and 48 of [21] and references therein). On one hand, a finite ρ d is conjectured to signal a quantization of gravitational degrees of freedom and, on the other hand, in various approaches to quantum gravity the spectral dimension of spacetime always runs according to the resolution scale.
It is instructive to consider a theory respecting our necessary condition and producing a finite entanglement entropy, but which however is not power-counting renormalizable. We are talking about the so-called multi-fractional theory with q-derivatives. This framework, reviewed in [21] , is a field theory defined on a multi-fractal geometry with varying Hausdorff and spectral dimension. Dimensional flow follows a multi-parametric universal profile determined only by very general (background-and dynamics-independent) properties of the spacetime dimension. Spacetime is characterized by at least one fundamental length scale ℓ * ∝ √ σ * , above which ordinary geometry is recovered, while at scales ℓ * the spacetime dimensionality drops below D. At ultra-microscopic scales, a discrete structure naturally emerges, encoded in logarithmic oscillations of the geometry.
Physical observables are affected by this scale dependence. The generality of the measure, together
with the fact that all quantum-gravity models exhibit dimensional flow, justifies the interest in these theories as an efficient framework wherein to explore the physical consequences of dimensional flow and to constrain them with experiments and observations ranging from particle physics to cosmology. After an analytic continuation, the entanglement entropy density of this theory for an isotropic spacetime measure is [18] 
where 0 < α < 1 parametrizes the spectral dimension d b S ≃ dα of the boundary in the UV (in the IR, d b S ≃ d; Fig. 1 ). When α = [1 + d/(2n)] −1 (which includes the special case n = 0, α = 0), this expression diverges, but it is finite otherwise. Since gravity cannot be easily quantized perturbatively in this scenario [21] , this example shows that imposing a finite entanglement entropy density does not imply the existence of a well defined quantization of the gravitational degrees of freedom.
Our arguments show that the requirement of a finite entanglement entropy density is quite a restrictive one and demanding UV finiteness is certainly not enough. Even if the example of fractals [22] indicates that, at least in principle, a varying spectral dimension it is not indispensable if the underlying geometry is discrete, in physical theories the role of dimensional flow seems to be that of a key actor. Also, the balance between the level of smoothness of geometry and the way geometry changes with the probed scale is delicate and, ultimately, it is relevant for the emergence of spacetime (of which locality and smoothness are key aspects [23] ). The entanglement entropy itself governs such emergence quantitatively, prescribing how two spacetime regions can connect or are tore away classically depending on whether the degrees of freedom within these regions entangle and disentangle at the quantum level [24] . Since dimensional flow is a potentially observable feature of quantum gravity models [21, 25] , the interest in its relation with the entanglement entropy is not merely academic and it could have a significant impact on the search of experimental signatures of quantum gravity. The present result, further extended in [18] , aims to set the stage for near-future studies on this fascinating topic.
